We propose a data driven test to identify first order positive Markovian dependence in a Bernoulli sequence, based on a combination of two runs tests: a well known runs test for the same purpose conditional on the numbers of ones in the sequence, and a modified runs test independent of the number of ones. We give analytic expressions for the exact distribution of the modified runs test statistic and for its power; also we built an algorithm to calculate it explicitly. To compare the power of the tests, we calculated these for some values of the proportion of ones and the success probability. We show that there are some intervals for the success probability in which the new runs test surpasses the power of the conditional test, and that the data driven test improves the power of the two runs tests, when they are considered separately.
Introduction
Since the pioneering work performed by [1] , in which he calculated the power of a test for randomness based on the total number of runs conditioned on the number of successes in a binary sequence versus the first order Markovian dependence alternative, many other works have appeared. For instance, one year later [2] calculated the conditional distribution of the longest success run for a second order Markovian dependence alternative. Later [3] studied the power of the conditional David's test with a parametrization of the transition probabilities. [4] used the total number of runs conditioned on the number of symbols of each type for pattern sequences and calculated critical values for the distribution of the number of runs conditioned on the number of symbols of each type for pattern sequences for randomness tests. [5] proposed a randomness test for the Markovian first order alternative based on the length of the longest run and developed methods of computing the probability of the occurrence of a given success-failure run as a function of the composition of the run, the number n of trials and the probabilities of the possible outcomes at each trial. [6] used the total number of success runs of length greater than k and the total number of success runs of length k as test statistics to test the randomness hypotheses versus three alternatives: First order Markov-dependence, non-systematic unimodal and bimodal clustering and cyclical clustering. By a Monte Carlo study they compared the powers of their tests with the power of two known tests; some based on the total number of success (or failure) runs and others based on the length of the longest success run, and they found that the test based on the number of overlapping success runs of length k is slightly less sensitive than its competitors for success probabilities near to 1. [7] studied a randomness test based on the conditional distribution of the sum of the exact lengths of runs of length greater than k successes. They found that when the type I error must be kept low (α = 0.01), their test is more powerful than a test based on the number of runs of exact length k, for the first order Markov-dependence alternative.
Many other researchers have focused their research to calculate explicit expressions for the distributions of runs statistics in many contexts; for example, [5] , [8] , [9] , [10] , [11] , [12] , [13] , [14] , [15] , [16] , [17] , [18] .
We propose a data driven test to identify first order positive Markovian dependence in a Bernoulli sequence, based on a combination of two runs tests: the well known Barton and David' s runs test, conditional on the number of ones in the sequence, for the Markovian alternative, and an extension of this test to an unconditional test (on the number of ones). We give analytic expressions for the exact distribution of the original and of the extended runs test statistic and for its power; we built an algorithm and we developed the R code to calculated it explicitly. To compare the power of the tests, we calculate the exact powers of both tests for some values of the proportion of ones and the success probability. We found intervals for the success probability for which the unconditional runs test surpasses the power of the conditional test, and we show by calculating the powers, that the data driven test optimizes the power of the two runs tests, when they are considered separately. Finally, as a bonus product, we developed an algorithm and implemented it in R code to solve a polynomial with matrix coefficients, to find explicitly the distribution of the Markov-Binomial Distribution.
Two Runs Tests for Markovian Dependence
Let η 1 , . . . , η N be a two state Markov chain and let p be the success probability such that: P (ηt = 1) = p, P (ηt = 0) = 1 − p, 0 < p < 1 for t = 1, 2, . . . , N, and stationary transition probabilities ( [3] ):
where θ is the coefficient of correlation between η t−1 and η t for t = 2, 3, . . . , N.
Although Barton and David gave the bounds ±1 for θ, they can be improved as follows:
From (2.1), the following is true:
Now from (2.2) we conclude:
for p = 1/2 it follows that − 1 ≤ θ ≤ 1,
and for 1/2 < p < 1 it follows that − 1 − p p ≤ θ ≤ 1.
(2.
3)
The conditions (2.3) on θ are represented graphically in Figure 1 .
2.1. The Barton-David Test. From now on, we will consider the following test problem:
H0 : θ = 0 against H1 : θ > 0 (positive Markovian dependence)
Let m be the fixed number of ones (successes), n = N − m the number of zeros (failures), and let Rm be the total number of runs in η 1 , . . . , η N . [3] gave a conditional (on m) runs test based on Rm, which rejects H0 in favor of the positive Markovian alternative for few runs. The critical region was justified as follows: under H0, θ = 0 holds true and hence η 1 , . . . , η N is a Bernoulli sequence of independent and identically distributed (i.i.d.) random variables; under H1, either θ > 0 (positive dependence), which implies P11 > P01 or P00 > P10, and then we expect few runs.
Let ζ = N t=1 ηt be a random variable denoting the number of ones in the sequence η1 . . . , ηN . [3] gave the following expressions for: 
if r is odd.
b) the power of the conditional Rm test
A Modified Runs
Test. The conditional Rm test in (2.4) can be modified as follows: as we noted above, under H0, η 1 , . . . , η N is an i.i.d. Bernoulli sequence and hence ζ is Binomial distributed with parameters N and p = P (ηt = 1), for t = 1, . . . , N . Now let R be the total number of runs, without taking into account the number of ones in the sequence η1 . . . , ηN . The modified R test rejects H0 in favor of the positive Markovian dependence alternative for few runs, with the same arguments as for the Rm test, but now the reject region must be calculated from the unconditional distribution of R, by means of the theorem of total probabilities, as follows:
for r = 1, . . . , N , where the conditional distribution of Rm is calculated as in (2.4).
2.2.1.
The Power of the Modified R Test. We obtain the distribution of the R, under the Markovian alternative H1 as follows:
for r = 1, . . . , N , where P θ (Rm = r | ζ = m) is given in (2.5), and P θ (ζ = m) under H1 is calculated by means of the probability generating function (pgf) of the Markov-Binomial Distribution ( [19] ) as a function of the dummy variable s:
2.2.2.
Algorithm to Calculate the Markov-Binomial Distribution Explicitly. To calculate the power of the R test in (2.6), we need to extract the coefficients of s in the pgf (2.7) of the Markov-Binomial Distribution, which contains the probability distribution of ζ. For this, the following algorithm is useful: 
where C (m) are matrices with the role of coefficients of the polynomial in s.
For example, for N = 3 the coefficients of the polynomial can be calculated as follows: let A be the transition matrix whose first column is multiplied by the auxiliary variable s. Then the power of the matrix in (2.7) can be written as:
where
Using the polynomial expression for the power of the matrix A introduced in (2.8), the pgf of ζ can be expressed as:
Algorithm to calculate the coefficients C (m)
. To obtain the coefficients C (m) , m = 0, . . . , N in (2.9) we have to decompose the matrix A as follows:
All summands of the (N − 1)-th power of A can be generated by iterating the following binomial expression:
Comparing the coefficients in (2.8) and (2.10) we obtain:
Note that m in C (m) corresponds to the number of times that the matrix V is in the products and it is also the number of ones in the sample. In order to generate all summands, we can iterate over all binary numbers with N bits:
The first row in the second matrix indicates that in C (0) the matrix U must be multiplied (N − 1) times. The following N −1 1 rows indicate that for C (1) there are N −1 1 summands, each one of them containing the product of (N − 2) U s and one V , and so on. These iterations are helpful to identify the summands to calculate C (m) .
2.2.4.
Algorithm to Calculate the Power of the Rm Test and of the Modified R Test.
To compare the power of the modified R test with the power of the Rm test, we will calculate it explicitly for some values of θ, p, m and N with the following algorithm:
(1) Calculate the conditional probability distribution of Rm under the alternative as in (2.5), the probability distribution of R under the alternative as in (2.6), and the probability distribution of ζ using (2.9):
where the matrix C (m) for m = 0, . . . , (N − 1), is calculated with the algorithm 2. 
Calculate the power of the randomized Rm and R tests as follows:
respectively.
A Comparative Power Study and Main Results
We calculated the exact power of the R and Rm tests explicitly, for sample sizes § N = 7(1)22, 30, 40, 50, for p = 0.1(0.05)0.9 and for θ = 0(0.05)0.9. The Rm test was compared with the R test for each value of p, for each N and each m. We have not included the extreme cases m = 0 and m = N because for these the power of the Rm test is zero.
We show the main results for N = 10(10)50, for θ = 0(0.1)0.9 and for some number of ones in the observed sequence obtained as percents ([N(10%)] and [N(20%)]) of the sample size, to find typical patterns of the powers of the compared tests ¶ . They are in Tables 1 to 15, ordered as follows: Tables 1, 4 To facilitate the reading of the tables, we built three dimensional graphic illustrations, each containing five graphics denoted by π(p, θ) for each combination of p and θ and the five sample sizes considered. Intersections of the red lines are powers of the R test and the blue ones are powers of the Rm test for fixed values of m.
All figures and all graphics show that the powers of the R test increase with θ as expected, that the powers increase faster for values of p around 0.5 and that the speed of increase is lower when p tends to zero or to one. The power of the Rm test shows small decreases for values of p around 0.5.
In Figure 4 , for example, with 10% ones in the observed sequence, for success probabilities p between 0.3 and 0.7, and for sample sizes N = 10(10)50, it can be noted that the R test is more powerful than the Rm test. We specially note that for N = 10, the same result occurs in a bit larger interval for 0.2 ≤ p ≤ 0.8, as can be verified in Tables 1  and 2 , with some exceptions for values of θ less than or equal to 0.5, where the power of the Rm test is greater than the power of the R test. The same situation occurs for the powers showed in figure 5 for 20% ones, but now it holds for a smaller interval of values of p: 0.4 ≤ p ≤ 0.6. 100% ones, the interval of values of p for which the R test overtakes the Rm test increases.
For a fixed percent of ones, it can be observed that the length of the interval of values of p in which the power of the R test overtakes the power of the Rm test tends to be constant, for all compared sample sizes. It can be noted that the R test seems to be more powerful than the Rm test because the larger the correlation between observations, the fewer and larger are the runs.
In Tables 1, 4, 7, 10 and 13 we can see that the power of the R test increases with N around p = 1/2. On the other hand, the power of the Rm test increases with N and with m around N/2 when N is even, around (N − 1)/2 and (N + 1)/2 when N is odd .
Although these types of Markov chains could seem rare, we highlight the conditions under which they can occur. In Figure 2 , side (a), we see that P11 increases with θ and p, whilst P01 decreases with θ and increases with p. Moreover, in part (b) we see that P00 increases with θ and decreases with p, whilst P10 decreases with both θ and p. We can also see in part (a), that when θ increases it holds true that P11 > P01, and P11 tends to be much larger than P01 when θ tends to one, and that implies few runs and large runs of ones. In part (b), the situation is analogous, but with the zeros instead of the ones. A Data Driven Test. As we said, the power of the R test is greater than the power of the Rm test for some intervals of values of the success probability p and for some values of m. This suggests the following selection process of the appropriate test for a fixed level α = 0.05:
(1) Calculate the number of ones m in the observed sequence.
(2) Estimate the success probability p, by means of the [20] estimator * * p = 1 N N i=1 xi.
(3) Choose the data driven test as follows (see Figure 3 ):
See list of tables justifying this comments in our web page, in the cited document. * * Althoughp is the old well known plug-in estimator of p given by [21] , we reference [20] because he shows, among other things, that the maximum likelihood estimator for (p,θ) obtained under Markovian dependence, is strongly consistent for (p, θ). 
Select the R test if:

Example
A first order homogeneous Markov Chain (fohMC) can be used to describe the behavior of a buyer as follows † † : a buyer at a supermarket A switches to buying in a supermarket B on her/his next shopping trip with probability λ > 0, while she/he switches to supermarket A with probability β > 0 when her/his last shopping was in supermarket B.
To verify the Markovian assumption of the behavior of the buyer, we simulated first order homogeneous Markov Chains using the Metropolis Hasting Algorithm, for some values of the success probability p and the correlation between successive observations θ. These combinations of values p and θ give values of the transition probabilities λ, β which indicate how Markovian the behavior of the buyer is. † † Adapted from [22] For each combination of (p,θ), p, θ = 0.1(0.1)0.9, we simulate 1000 fohMC and we select those with not all zeros and not all ones, because such stable buyers are not interesting. For the remaining fohMC, we calculate the proportion of rejections of the null hypothesis, and the ratio (1 − λ)/β to find the conditions for which the fohMC is a good assumption for the behavior of the consumer.
The results are in Table 16 for N = 20. It can be seen that the empirical powers of the test increase up to 87% for p = 0.4 and θ = 0.9. It can be noted also that the ratio p00/p10 = (1 − λ)/β grows also with θ, as expected.
The fact that the larger the values of the ratio (1 − λ)/β, the greater the empirical power of the runs test, indicates that the behavior of the consumer tends to be most Markovian when the probability of continuing shopping in supermarket A is larger than the probability of switching to supermarket B.
Conclusions and Discussion
We have discovered regions of values of m and p where the R test is more powerful than the Rm test, and we have included additional information about p and m to the test statistic, to produce a data driven test which covers the complete p × m region, and improves the power of the test.
The power of the R test increases with N and especially around p = 1/2, while the power of the Rm test increases with N and with m around N/2, for N even or (N − 1)/2 and (N + 1)/2 for N odd.
Although the proposed data driven test includes information about the length of the runs without being explicit (few runs implies long runs in most cases), a way to improve the power of the test could be to include the length of the runs explicitly, and to use the results of [15] or of [23] about the distribution of the longest runs test. 
Appendix A. Figures of the Power of the Proposed Test
